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This study is concerned with the stability characteristics of helix shaped structures made of anisotropic,
pre-stressed, thin ﬂanges arranged in such a way as to enable and develop multi-stability. Previous
research on similar structures assumed the structural response of the ﬂanges to be one-dimensional
due to the narrow width of the pre-stressed members in comparison to their length. In this work, a
reﬁned two-dimensional model of the ﬂanges is employed to model the inﬂuence of transverse curvature
as well as the membrane strain energy associated with the non-zero Gaussian curvature deformations.
While longitudinal curvature changes and twist are inherent to the geometry of the helices; the trans-
verse curvature results from a consideration of boundary effects and the minimisation of the (expensive)
membrane elastic energy. A qualitative study of the changes in transverse curvature reveals ways of sim-
plifying the two-dimensional model into a simpler, closed form, one-dimensional version applicable to
helices with relatively narrow ﬂanges. Correlation is found between experimental results, ﬁnite element
modelling and analytical predictions for the two models.
 2014 Elsevier Ltd. All rights reserved.1. Introduction
Large deformations in conventional engineering design are of-
ten associated with failure, frequently resulting in the sudden col-
lapse of the structure, as observed in the buckling of a slender
beam in compression. To the contrary, morphing structures are de-
signed to be reconﬁgured between radically different states while
keeping their load carrying capability and structural integrity
throughout the deformations. Owing to their variable geometry,
low weight and reduced complexity, research efforts are being
made to apply morphing structures to new aircraft design. Many
concepts depend on continuously actuated structures (Bartley-
Cho et al., 2004; Berton, 2006; Wildschek et al., 2009; Daynes
andWeaver, 2012a,b). However, if the structure possesses multiple
stable states, energy is needed only to change the shape, not to
hold it. The geometrical stable conﬁgurations correspond to min-
ima in the internal energy state of the structure and can occur ow-
ing to several phenomena when using ﬁbre reinforced plastics
(FRP). Multi-stability in composite material was ﬁrst reported by
Hyer (1981,1982) and was explained by the combination of resid-
ual stresses induced during the cure cycle and geometric nonlin-earities in a non-symmetric laminated FRP lay-up. More recent
studies investigated the effect of Gaussian curvature (Kebadze
et al., 2004; Seffen, 2007; Guest et al., 2011; Brinkmeyer et al.,
2012), ﬁbre pre-stress (Daynes et al., 2008, 2010), plastic deforma-
tion (Guest and Pellegrino, 2006) or bending stiffness tailoring
(Daynes et al., 2011) as a mean to introduce multi-stability.
The background of this research concerns the multi-stable
deployable composite device presented by Lachenal et al. (2012).
Their study focussed on the stability of helices made of two pre-
stressed narrow FRP strips joined by metallic spokes. Potential
applications include deployable booms for space structures; how-
ever the present concept could ﬁnd applications as strain energy
storage structure, as in (Lachenal et al., 2013) or as a stiffness tai-
lored integrated twist morphing structure device (Lachenal et al.,
2014). In their previous research, the combination of pre-stress,
material properties and geometry was explored revealing bistable
devices with periodically nonlinear, yet tailorable deformation re-
sponses; enabling, for example, the helix to be stable in a tightly
coiled or fully extended conﬁguration. The analytical model used
one-dimensional elements, hence zero transverse curvature was
assumed in addition to inextensional deformations of the pre-
stressed members, resulting in a compact analytical model. While
the corresponding initial experimental results matched closely
with both analytical and ﬁnite element model (FEM) results, this
one-dimensional model was only validated with a laminate free
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ments with helices presenting off-axis laminates revealed the lim-
itations of the one-dimensional assumption and thus triggered the
present study.
In this paper, the model by Lachenal et al. (2012) is enhanced by
lifting the assumption of inextensional deformations and zero
transverse curvature. As such, the one-dimensional model is com-
plemented by the analytical model from Giomi and Mahadevan
(2011) including the effects of transverse curvature within aniso-
tropic strips. A related study was previously presented by Galletly
and Guest (2004) on the modelling of bistable, composite, tape-
spring like structures called slit tubes. Their work showed that slit
tubes made of an anti-symmetric lay-up possess a second, stable,
coiled equilibrium depending on the width of the structure. It
was demonstrated that a non-constant curvature develops across
the section of the tube, particularly close to the edges of the section
where a ‘‘boundary layer’’ appears. While for large cross sections
the boundary layer was small and did not affect the stability of
the slit tubes, for small cross sections the effect of this boundary
signiﬁcantly affected the stability of the tube.
Our new work presents two models describing the stability of
helical structures: a two-dimensional model accounting for the
varying transverse curvature of the strips composing the helices
and a simpler, closed form, one-dimensional model with restricted
design space. The two dimensional model captures the mechanics
driving the development of transverse curvature. It shows in a no-
vel way that two competing effects occur across the width of the
strips and that the resulting balance of strain energy is highly
dependent on the relative size of the cross section. This study re-
veals ways of reducing the complexity of the two-dimensional
model for the helix back to a simpler, yet more complete one-
dimensional model in comparison with our prior work (Lachenal
et al., 2012); yielding an elegant relationship between stability,
material stiffnesses and structure geometry.
The article is structured as follows. A brief introduction to the
concept of pre-stressed strips arranged into helices is given ﬁrst
in §2 followed by the strain energy formulation and the conditions
for stability. Details of the elastic deformations occurring through-
out the transformation of the structure are presented in §3: the key
features of the model from Giomi and Mahadevan are highlighted
followed by a qualitative study on the effect of the width on the
transverse curvature of the ﬂanges. The study of the inﬂuence of
the transverse curvature on the stability landscape reveals a sim-
pliﬁcation of the two-dimensional model and is presented with
the associated assumptions. Two cases of helices are detailed in
§4 to illustrate the improved analytical model; a third case study
exempliﬁes the simpliﬁed model. The ﬁnite element model of the
morphing structure is described in §5. Results from the analytical
model, FEM and experimental work are discussed in §6. Section 7
concludes the paper.
2. Morphing composite helix
2.1. Description
The structure in a twisted conﬁguration is depicted in Fig. 1(a).
It consists of at least two ﬂanges (or ‘‘strips’’) of dimensions L W
kept apart by a set of rigid spokes of height H = 2R where R is de-
ﬁned in§3. The device can twist by an angle / by applying opposite
moments about the X-axis at the extremities of the structure; as
such, the helix has an inﬁnite number of conﬁgurations, from
tightly coiled to fully extended (respectively shown in black and
light grey in Fig. 1(b)). A global coordinate system (X,Y,Z) is at-
tached to the ﬁxed end of the device while a local coordinate sys-
tem (x,y,z) is attached to each strip (see Fig. 2). The angle of helix,
given between the local x-axis and the global X-axis, deﬁnes theconﬁguration of the helix, as in Fig. 1(a). Multi-stability is achieved
by imposing a state of pre-stress to the strips: in the present case a
distributed bending moment mx is introduced by manufacturing
the parts on a cylindrical mould of radius Ri and then by subse-
quent ﬂattening, as illustrated in Fig. 2. It is worth noting that this
model neglects the local constraints and end-effects imposed by
the spokes on the strips, but such effects are of little consequence
for present purposes.
2.2. Two-dimensional, extensional, helix model
Contrary to the study in the prior work of Lachenal et al. (2012),
the strips constituting the helix are considered as two-dimensional
elements of length L and widthW. It is assumed in this two-dimen-
sional model that the deformations are extensional; therefore
bending and membrane strains are present in the structure, thus
the total strain energy can be expressed as (Kollar and Springer,
2003)
U ¼ n
2
Z L
0
Z W=2
W=2
e0
Dj
" #T
A B
B D
 
e0
Dj
" #
dxdy ð1Þ
where Dj is the tensor change of curvature and e0 is the mid-plane
strain tensor, both expressed in the local (x,y,z) coordinate system
shown in Fig. 2. The superscript T denotes the transpose of the ten-
sors. A, B and D are the in-plane, bending-extension coupling and
ﬂexural stiffness matrices, respectively as deﬁned in classic lamina-
tion theory (CLT) (Jones, 1999). Finally, n is the number of ﬂanges.
Developing Eq. (1) yields three terms
U ¼ n
2
Z L
0
Z W=2
W=2
e0
T
Ae0dxdyþ n
Z L
0
Z W=2
W=2
e0
T
BDjdxdy
þ n
2
Z L
0
Z W=2
W=2
DjTDDjdxdy ð2Þ
Eq. (2) shows three deformation patterns: a stretching deforma-
tions model, a bending deformations model plus a bending-exten-
sion coupling term.
We ﬁrst consider the bending deformations, thus the strain en-
ergy takes the form (Kollar and Springer, 2003)
Ub ¼ n2
Z Z
DjTDDjdxdy ð3Þ
As in the previous work of the authors, it is assumed that the
changes of x- and xy- curvatures (respectively Djx and Djxy) are
constant over L and W. It is demonstrated in §3 that the y-axis
change of curvature (transverse curvature) is a non-constant quan-
tity across W thus Eq. (3) becomes
Ub ¼ n2 LWðD11Dj
2
x þ D66Dj2xy þ 2D16DjxDjxyÞ
þ n
2
L
Z W=2
W=2
D22Dj2y þ 2D12DjxDjy þ 2D26DjyDjxydy ð4Þ
The membrane strain energy resulting from the axial deforma-
tion is (Kollar and Springer, 2003)
Us ¼ n2
Z Z
e0
T
Ae0dxdy ð5Þ
It is later assumed, as in Galletly and Guest (2004), Giomi and
Mahadevan (2011), that only x-axis strains result from the defor-
mation of the helix; thus Eq. (5) reduces to
Us ¼ n2 LA11
Z W=2
W=2
e0
2
x dy ð6Þ
Eq. (2) reveals a bending-extension strain energy term due to
the presence of the Bmatrix in the laminate properties. As detailed
above, it is assumed that only x-direction strains arise from the
Fig. 1. (a) Sketch showing a helix made of two strips in a twisted conﬁgurations. A ﬁxed (XYZ) coordinate system is attached to the left end of the helix while / deﬁnes the
angle of twist between the right end of the device and the Z-axis. The angle of helix h is given between the longitudinal x-axis of the strips and the X-axis of the helix. (b)
Illustration of the helix in the coiled, twisted and fully extended conﬁguration. The displacement of the free end of the helix is deﬁned by the quantity D‘.
Fig. 2. The pre-stress is achieved by ﬂattening the curved strips before assembly,
resulting in a distributed bending moment mx along the length L of the parts.
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energy contribution to
Ubs ¼ nLB11Djx
Z W=2
W=2
e0xdy ð7Þ
It is worth noting that for the laminates considered in the pres-
ent article B11  0; thus the contribution of Eq. (7) is neglected.
2.3. Stability of the helices
From Eq. (2) and with the assumption that B11  0, the total
strain energy U of the structure is given as the summation of the
bending and the membrane strain energy, Eqs. (4) and (6), respec-
tively; hence
U ¼ Ub þ Us ð8Þ
Stable equilibria are found by minimising the expression of the
total strain energy Uwith respect to the angle of helix h. Stability is
found when the ﬁrst derivative of U with respect to h is equal to
zero and the second derivative of U with respect to h is strictly po-
sitive, as given by
@U
@h
¼ 0; @
2U
@h2
> 0 ð9Þ3. Elastic deformations of pre-stressed helices
3.1. Bending deformations, change of curvature
Because the spokes keep the strips at a constant distance
throughout the transformation of the helix, the strips are consid-
ered laying tangent to the surface of a virtual cylinder of constant
radius R. It is worth noting that because of the construction of
the helix, only x- and xy- changes of curvature can be generated;
changes of curvature in the transverse direction cannot be imposed
on the structure. It will be demonstrated in the next section thatthe bending deformations in the transverse direction are the result
of the boundary effects and non-zero Gaussian curvature effects;
thus it is assumed, for now, that the transverse curvature Djy is
zero for any angle h. As mentioned before, it is assumed that the
overall shape is a helix of constant pitch, thus the angle h is con-
stant over the length ‘ of the device. This is a reasonable assump-
tion because the ﬂanges present a large z-bending stiffness
compared to their x-bending stiffness; hence in-plane bending is
insigniﬁcant. It is also assumed here that the mid-surface of the
strips deform uniformly in the x- and xy- directions. This allows
us to use only two parameters to deﬁne every possible conﬁgura-
tion of the structure: the curvature 1/R of the virtual cylinder
and the orientation h of the local axes (x,y) attached to each ﬂange
with respect to the X-axis, as shown in Fig. 3(a).
The evolution of the curvature of the strips can, therefore, be ex-
pressed by the second order tensor Dj and graphically illustrated
by a Mohr’s circle of curvature change (Calladine, 1983) for any h in
the (x,y) coordinate system, as shown in Fig. 3(b). For ease of anal-
ysis, the pre-stress of the strips is captured by the non-dimensional
ratio a = Ri/R relating the manufactured radius Ri of the ﬂanges and
the radius R of the underlying cylinder. Note that we use here the
classic lamination theory deﬁnition of twist, i.e. jxy ¼ 2@2w=@x@y,
where w is the displacement of the surface in the out-of-plane
direction. The plate and shell theory conventionally deﬁnes jxy to
be half this value, thus the vertical axis of the Mohr’s circle of cur-
vature showsDjxy/2 in Fig. 3(b). Note that the initial curvature 1/Ri
of the ﬂanges is depicted in Fig. 3(b) by a shift in the position of the
circle.
From Fig. 3(b), the x- and xy- changes of curvature of the ﬂanges
with regards to their manufactured shape can be described by the
tensor Dj
Dj ¼
Djx
Djy
Djxy
2
64
3
75 ¼ 1
2R
1 cosð2hÞ  2a
0
2 sinð2hÞ
2
64
3
75 ð10Þ3.2. Induced curvature
It is important to highlight the fact that the changes of curva-
ture expressed by Eq. (10) are solely related to the geometry of
the structure. While Eq. (10) describes structures reasonably well
with small W/R ratio, like those described by Lachenal et al.
(2012), the term Djy becomes signiﬁcant for wider ﬂanges; thus
inﬂuencing the strain energy evolution and subsequent results. It
is therefore crucial to model the transverse curvature of the ﬂanges
constituting the helix when considering wide strips. Two bounding
considerations are of interest. On one hand, transverse curvature
develops from constitutive behaviour (denoted by the superscript
c in Eq. (11)) according to
Fig. 3. (a) Schematic view of the underlying cylinder of radius R matching the changes in x- and xy- curvature of the ﬂanges while the device twists. Note that the ﬂange is
tangent to the cylinder as the transverse curvature creates non-zero Gaussian curvature. (b) Mohr’s circle of curvature change. The dashed circle shows the curvature change
for an initially ﬂat ﬂange (a =1) whereas the continuous line describes the change of curvature of a ﬂange curved about the longitudinal direction (Lachenal et al., 2012).
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D12Djx þ D26Djxy
D22
ð11Þ
and on the other hand it develops to eliminate Gaussian curvature
(denoted by the superscript G in Eq. (12) and expressed with the
deﬁnition of twist using CLT, hence the factor of 4) as
jG0y ¼
j2xy
4jx
ð12Þ
The recent work by Giomi and Mahadevan (2011) can be used
to explain the development of transverse curvature, noting the
development of non-zero Gaussian curvature is associated with
energetically expensive membrane energy. By considering the
boundary conditions of the ﬂanges along the lateral edges, the
deformations resulting from curvature changes and the effect of
the material properties of the laminate, it was demonstrated that
the transverse change of curvature of a ﬂange is found by solving
the fourth order differential equation (Giomi and Mahadevan,
2011)
ða11D22 þ H221Þ
@4My
@y4
þ 2H21jx @
2My
@y2
þ j2xMy
¼ jxfD22ðcxcy  c2xy þ j2xyÞ þ jx½D12ðjx  cxÞ þ D26ðjxy  cxyÞ  D22cyg ð13Þ
where D⁄ = BA1B is the reduced bending stiffness matrix, a = A1,
H = A1B. In this study, cx = 1/Ri, cy = cxy = 0 are the initial curva-
tures of the ﬂange (manufactured curvatures), jx, jy, jxy are the
curvatures of the deformed ﬂange andMy is the transverse moment
(assumed constant along the length L of the ﬂange).
The boundary conditions for the present study with no applied
forces or torque on the longitudinal edges of the ﬂange are
@My
@y
¼ My ¼ 0; y ¼ W=2 ð14Þ
The general solution of Eq. (13) with the associated boundary
conditions of Eq. (14) is expressed as (Giomi and Mahadevan,
2011)
Djiy ¼ jG0y þ ðC1 þ H21C 02Þ coshðk1yÞ cosðk2yÞ þ ðC2  H21C01Þ
 sinhðk1yÞ sinðk2yÞ ð15Þ
where y is taken from the centre line of the ﬂange, hence W/
2 < y <W/2. The following terms are also deﬁned
C1 ¼ ðDjcy  jG0yÞ
k1 cosh k1 W2
 
sin k2 W2
 þ k2 sinh k1 W2  cos k2 W2 
k1 sin k2 W2
 
cos k2 W2
 þ k2 sinh k1 W2  cosh k1 W2 
ð16Þ
C2 ¼ ðDjcy  jG0yÞ
k2 cosh k1 W2
 
sin k2 W2
  k1 sinh k1 W2  cos k2 W2 
k1 sin k2 W2
 
cos k2 W2
 þ k2 sinh k1 W2  cosh k1 W2 
ð17ÞC01 ¼
ða11D22Þ1=2C1 þ H21C2
a11D

22 þ H221
; C02 ¼
ða11D22Þ1=2C2  H21C1
a11D

22 þ H221
ð18Þ
k1 ¼
ﬃﬃﬃﬃ
s2
p þ s1
2
 1=2
; k2 ¼
ﬃﬃﬃﬃ
s2
p  s1
2
 1=2
ð19Þ
s1 ¼  H21jx
a11D

22 þ H221
; s2 ¼ j
2
x
a11D

22 þ H221
ð20Þ
Moreover, the curvatures are expressed as
jx ¼ 12R ð1 cosð2hÞÞ ð21Þ
jxy ¼ 1R sinð2hÞ ð22Þ
With the expression given by Eq. (10), the tensor change of cur-
vature becomes
Dj ¼
Djx
Djy
Djxy
2
64
3
75 ¼ 1
2R
1 cosð2hÞ  2a
2RDjiy
2 sinð2hÞ
2
64
3
75 ð23Þ
In summary, our analysis of Giomi and Mahadevan’s model
reveals two trends for the evolution of transverse curvature. On
one hand, the longitudinal free-edge boundary condition dictates
a change of curvature modelled by Eq. (11). This is derived from
the equation of moments deﬁned using CLT with the assumption
of inextensional deformations (e = 0), yielding
M ¼ DDj ð24Þ
Isolating the equation for the transverse moment and with the
boundary conditions expressed in Eqs. (14) and (24) yields
D12Djx þ D22Djcy þ D26Djxy ¼ 0 ð25Þ
Hence, from Eq. (25) the expression of Djcy is a linear combina-
tion of the ﬂexural stiffness terms D12;D

26; and D

22, as per Eq. (11).
On the other hand, the minimisation of the membrane energy of
the ﬂanges when twisting yields a transverse curvature conform-
ing to the surface of the cylinder of radius R. This is modelled by
Eq. (12) which is identical to the well-known condition for zero
Gaussian curvature
jxjy 
j2xy
4
¼ 0 ð26Þ
The transverse curvature of Eq. (15) can therefore be written as
Djiy ¼ jG0y þ j1, where jG0y is the zero Gaussian curvature term of
the transverse curvature and j1 models the transition in curvature
from the centre line to the free-edge of the ﬂange. Thus, the trans-
verse curvature is a balance of the two extreme cases of curvature
developments.
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purpose of this study, we assume lay-ups yielding no bending-
extension coupling; hence H = 0 resulting in s1 = 0 and k1 = k2.
Therefore, Eq. (15) becomes
Djiy ¼ jG0y þ C1 coshðk1yÞ cosðk1yÞ þ C2 sinhðk1yÞ sinðk1yÞ ð27Þ
The transverse curvature of the ﬂange is qualitatively predicted
by studying the terms C1 and C2 (Eqs. (16) and (17), respectively) as
a function of the variable k1 W/2. Note that from Eqs. (19) and
(20) and with the non-dimensional curvature j^x ¼ Rjx, k1 W/2
becomes
k1
W
2
¼ 1
2
j^x
2
 1=2 1
a11D

22
 1=4 W
R1=2
ð28Þ
Examining Eq. (28) reveals that k1 W/2, and therefore the
transverse curvature, is driven by the x-axis curvature j^x. Further-
more, the term ð1=a11D22Þ1=4 W=R1=2 represents the respective ef-
fects of the laminate stiffness and of the geometry on the
transverse curvature. It is worth noting the difference of power be-
tween the two fractions, denoting the greater effect of the width on
the transverse curvature rather than the stiffness properties of the
laminate or the radius R.
The study of the terms C1 and C2 as a function of the variable
k1 W/2 is illustrated in Fig. 4 by plotting Eq. (29)
C1
Djcy  jG0y
;
C2
Djcy  jG0y
ð29Þ
The x-axis in Fig. 4 is limited to 0 < k1 W/2 < 5 as larger values
of k1 W/2 do not present much interest: the two curves tend to
zero while negative values are not shown because of the symmetry
about the vertical axis k1 W/2 = 0 of the plot. A qualitative study
of the effect of the laminate stiffness and width for the deforma-
tions of a helix with similar dimensions to the demonstrators (as
in §6, R = 28.5 mm, a = 2) is presented next.
Three cases are readily identiﬁed in Fig. 4:
i: k1 W=2 ¼ 0 ð30aÞ
C1 ¼ Djcy  jG0y and C2 = 0, resulting in Djiy ¼ Djcy; i.e. the free-edge
boundary condition dictates the curvature for any position y across
the width of the ﬂange. From Eq. (28), this is achieved qualitatively
with a laminate inﬁnitely stiff in the transverse direction and inﬁ-
nitely compliant in the longitudinal direction (D22 large and a11
small, respectively) or with an inﬁnitely small ratio W/R. It is worth
noting that Eq. (30a) always holds when the structure is in the
straight conﬁguration, i.e. for j^x = 0.Fig. 4. Inﬂuence of the non-dimensional width k1 W/2 on the curvature factors
C1=ðDjcy  jG0yÞ and C2=ðDjcy  jG0yÞ.ii: k1 W=2 > 5 ð30bÞ
This yields C1 = C2 = 0, resulting in Djiy ¼ jG0y. Hence for any po-
sition y, the zero Gaussian curvature dictates the transverse curva-
ture. Laminates inﬁnitely stiff in the x-axis and inﬁnitely compliant
in the y-axis or with a large W/R ratio demonstrate this behaviour
for any conﬁguration of the structure (other than j^x = 0).
iii: 0 < k1 W=2 < 5 ð30cÞ
Between the two cases described previously, any combination
of helix geometry and laminate stiffness is possible and the trans-
verse curvature becomes a function of the position y in the ﬂange.
It is worth noting that for a given lay-up and geometry, k1 W/2
varies with j^x; therefore the transverse curvature evolves from
Djiy ¼ Djcy to Djiy ¼ DjG0y while the helix twists. This is illustrated
by Fig. 5(a) and (b), where the evolution of the transverse curva-
ture given by Eq. (27) is plotted for a structure with a radius
R = 28.5 mm, a = 2, W = 9 mm and a lay-up [05] of unidirectional
carbon ﬁbre. The plot is given as a function of the angle of helix
h and the position y across the width. Due to structural geometry,
only half the ﬂange width is shown. Note that with the material
properties given in Table 1, 0 < k1 W=2 < 3.
Table 2 summarises the results of the transverse curvature for
three conﬁgurations of the helix: straight (h = 0), twisted (h = 45)
and coiled (h = 90) and for two transverse positions y = 0 and
y =W/2. The values seen in the last row of Table 2 can be found
in Fig. 5(a) and (b) for the different values of h and y.
3.3. Membrane strains
The two-dimensional model reveals that the transverse curvature
of the ﬂanges does not follow the developable surface illustrated in
Fig. 3 by the virtual cylinder of radius R; therefore the deformations
are not inextensional and stretching of the mid-plane of the members
occurs. We assume, as in Ref. (Galletly and Guest, 2004; Giomi and
Mahadevan, 2011), that only x-axis stretching arises with the transfor-
mation of the helix; hence the mid-plane strain tensor is reduced to
e0 ¼
e0x
e0y
c0xy
2
64
3
75 ¼
a11Nx
0
0
2
64
3
75 ð31Þ
where a11 is the (1,1) term of the in-plane compliance matrix of the
ﬂanges. The axial force Nx resulting from the helix deformation is gi-
ven as (Giomi and Mahadevan, 2011)
Nx ¼ D22C 02 coshðk1yÞ cosðk2yÞ  D22C01 sinhðk1yÞ sinðk2yÞ ð32Þ
with C01;C
0
2 given by Eq. (18) and k1, k2 deﬁned in Eq. (19).
3.4. Helix model simpliﬁcation
The two-dimensional nature of the energy function, Eq. (1), for
the membrane and the bending strain energy precludes a simple
one-dimensional relationship between the geometry, the stiffness
properties and the stability behaviour of the structure. In the spirit
of our prior work which provided a simple, elegant, one-dimen-
sional description of helical structures, we explore ways of simpli-
fying the two-dimensional model in order to obtain a more
compact yet accurate model describing the stability of helices.
For this purpose, the non-dimensional width W^ of the ﬂanges is
introduced. It is worth noting that W^ is not a degree of freedom
of the structure but a geometrical parameter and is given by
W^ ¼W
R
ð33Þ
As shown in Fig. 9(a), the evolution of the strain energy for
helices made of an anti-symmetric lay-up [222/0/222] is
Fig. 5. (a) Surface plots of Djiy as a function of the angle of helix and the position y across the ﬂange for a structure with R = 28.5 mm, a = 2,W = 9 mm and a lay-up [05]. Note,
that only half the ﬂange width is shown, where y = 0 indicates the middle of the ﬂange. (b) Same surface plotted in the ðh DjiyÞ quadrant.
Table 1
Hexcel 8552/IM7 unidirectional (UD) carbon ﬁbre reinforced plastic (CFRP) properties (Hexcel, 2007).
Material E11 (GPa) E22 (GPa) G12 (GPa) m12() m21() ply thickness (mm)
8552/IM7 163.7 11.5 5 0.3 0.021 0.11
Table 2
Transverse curvature for three conﬁgurations of a helix made with a radius R = 28.5 mm, a ratio a = 2, a width W = 9 mm and lay-up [05].
Angle of helix () h = 0 h = 45 h = 90
Transverse position y = 0 y =W/2 y = 0 y =W/2 y = 0 y =W/2
Transverse curvature Djiy ¼ Djcy Djiy ¼ Djcy Djiy ¼ 0:9jG0y Djiy ¼ Djcy Djiy ¼ 0:1Djcy Djiy ¼ Djcy
Demonstrator transverse curvature (m1) Djiy  5 Djiy  5 Djiy  17 Djiy ¼ 0 Djiy  0:5 Djiy  5
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cus is therefore given to this particular structure with the objective
of ﬁnding a closed form relationship between the geometry, the
material properties and the stability landscape.
It was shown in Fig. 4 that for small k1 W/2, the free edge
boundary condition dictates the transverse curvature. Thus, by
assuming a helix with small W^ , the transverse curvature can be as-
sumed constant across its width and driven by the constitutive
equation Eq. (11). Furthermore the membrane stress resultant
(Eq. (32)) is also related to k1 W/2 through the C’1 and C’2 terms,
hence for small W^ , the in-plane stress resultants Nx can be ne-
glected; yielding a compact model describing structures with
structurally narrow pre-stressed members. The design space for
this simpliﬁed model is therefore given by deﬁning the maximum
non-dimensional width W^max satisfying the following two condi-
tions: the amount of membrane strain energy is sufﬁciently small
to be neglected and the transverse curvature can be approximated
to a constant over the width of the ﬂanges.
To this extent, the amount of membrane strain energy out of the
total strain energy is expressed by
g ¼ 100Us
U
ð%Þ ð34Þ
where Us is the membrane strain energy as given by Eq. (6), and U is
the total strain energy given by the two-dimensional model
(Eq. (8)). In the course of our analysis, we found that if the mem-
brane strain energy is less than 5% of the total strain energy, the
force displacement property of the helices is not signiﬁcantlyaffected; thus we set the energy tolerance to g < 5%. A contour
polar plot is used to visualise the evolution of g for a structure made
with a ratio a = 2. The circumferential axis corresponds to the angle
of helix; hence p < 2h < + p; whereas the range of non-dimen-
sional width is given by the radial axis and is restricted to
0.1 < W^ < 0.35. Fig. 6(a) shows that the contribution of the mem-
brane strain energy to the total elastic energy balance only reaches
1% for the present range of W^ values and over the entire spectrum
of angle of helix. One can conclude that the expression for the total
strain energy can be simpliﬁed to consider only bending deforma-
tions as in Eq. (3).
To further simplify the analytical model for helices with struc-
turally narrow strips, the transverse curvature is now assumed to
be constant across the width and equal to the free edge boundary
condition (Eq. (11)). With this assumption, the model becomes
one-dimensional and the bending strain energy is given by
Ue ¼ n2Dj
T
eD
DjeLW ð35Þ
where the tensor change of curvature Dje is found by developing
Eq. (11) into Eq. (10), yielding
Dje ¼
Djx
Djy
Djxy
2
64
3
75 ¼ 1
2R
1 cosð2hÞ  2a
D12
D22
ðcosð2hÞ þ 2a 1Þ  2
D26
D22
sinð2hÞ
2 sinð2hÞ
2
664
3
775 ð36Þ
Similarly to Eq. (34), the amount of bending strain energy Ue
(i.e. considering constant transverse curvature) out of the total
bending strain energy Ub (i.e. considering varying transverse
Fig. 6. Contour plots for a helix made of a [222/0/222] CFRP lay-up, a = 2 and 0.1 < W^ < 0.35. (a) Plot of g illustrating the effect of the width on the membrane strain energy
over the total strain energy. Note that the colour bar scales from 0 to 1%. (b) Plot of l illustrating the effect of the width on the bending strain energy Ue over the total bending
energy Ub for a similar helix. The central region delimited by the dashed circle corresponds to the region of W^ values satisfying l > 95%.
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shown, it was again found that a strain energy tolerance of less
than 5% does not alter the stability of the helices; hence the con-
stant transverse curvature assumption is appropriate for l > 95%.
Interestingly, the plot of l in Fig. 6(b) shows that the assumption
for constant transverse curvature is more restrictive than the
assumption on the membrane strain energy. The dotted line corre-
sponds to the contour level l = 95% and the region, satisfying the
condition l > 95% for a constant value of W^ and the full helix angle
range, is shown by the dashed circle at W^ = 0.24, which also satis-
ﬁes the condition g < 5%.
It is worth noting that the condition on the maximum non-
dimensional width can be generalised to any lay-up because of the
small effect of the stiffness terms in the expression of k1W/2 com-
pared to the effect of the width or of the longitudinal curvature.
Hence, by limiting W^ , the expressions for the strain energy and
for the tensor change of curvature are simpliﬁed as in Eqs. (35) and
(36), respectively. The conditions for stability given by Eq. (9) to
the simpliﬁed model are therefore straight forward expressions gi-
ven by
@Ue
@h
¼ 2LW
R2
D66 
D11
4
þ D
2
12
4D22
 !
sinð4hÞ ¼ 0 8 0:1 6 W^ 6 0:24
ð37Þ
@2Ue
@h2
¼ 8LW
R2
D66 
D11
4
þ D
2
12
4D22
 !
cosð4hÞ > 0 8 0:1 6 W^ 6 0:24
ð38Þ4. Strain energy tailoring
We now consider the stability of helices as a function of the an-
gle of helix h. The stability of the structure is ﬁrst investigated with
the two-dimensional model where the width is varied and the lam-
inate properties are ﬁxed. In contrast, the stability of helices with
structurally narrow strips, using the one-dimensional model, is
investigated by varying the laminate properties while the geome-
try is ﬁxed. In all cases, the design space is restricted by setting
the ratio a = 2.
Two particular case-studies illustrate interesting stability re-
sponses captured by the two-dimensional model: a symmetric
lay-up [452/0/452] and an anti-symmetric lay-up [222/0/222]
where the zero degree ply angle corresponds to the x-axis of theﬂanges. The 0 ply is inserted in the middle of each lay-up to en-
sure ﬁbre continuity and to avoid delamination issues with the
physical demonstrators. Five layers are used to ensure a signiﬁcant
strain energy variation during structural deformation, using the
material properties given in Table 1.
The stability of the helices is assessed using polar contour plots
where the circumferential axis represents the angle of helix and
the radial axis corresponds to the non-dimensional width. The
minimum value of W^ is limited to 0.1. Furthermore, the stability
response does not change for values of W^ above one; thus
0.1 < W^ < 1. Note, for the numerical examples given in this section,
the helices studied have two ﬂanges where each ﬂange has a length
L = p  Ri = 179 mm and R = 28.5 mm to match the geometry of the
demonstrators.
4.1. Symmetric [452/0/452] lay-up
This lay-up was chosen because of the relatively large effects of
the edge boundary condition on the transverse curvature caused
by the large values of the D12 and D

26 terms of this laminate (see
Eq. (11)). The contour plot in Fig. 7(a) illustrates the evolution of
the total strain energy given by Eq. (8). For a given non-dimen-
sional width (constant W^; i.e. constant radius on the polar plots),
the stability response of the helix is described by increasing the an-
gle h; thus following a circumferential line of constant radius.
Peaks of elastic energy denote unstable equilibria whereas valleys
indicate stable conﬁgurations, and are highlighted by the dotted
line. Note that minimality with respect to W^ is not a criterion for
equilibrium nor for stability but it is interesting to note the evolu-
tion of the stable equilibria for increasing W^ . It can be seen that the
evolution of the strain energy in Fig. 7(a) is periodic for small W^
but becomes highly non-periodic for large W^ , i.e. the symmetry
of the contour lines observed for W^ < 0.2 is lost for higher values
of W^ . This effect, not observed by the authors in their earlier paper
(Lachenal et al., 2012), is explained by the evolution of the trans-
verse curvature with W^ , which is illustrated by the plot of
k1 W/2 in Fig. 7(b). Keeping in mind that free edge effects dictate
the transverse curvature for small values of k1 W/2 while zero
Gaussian curvature effects are dominant for larger k1 W/2,
Fig. 7(b) shows the high degree of non-linearity with regards to h
and W^ in the balance between the two cases of curvature
development; leading to the loss of periodicity of the strain energy
evolution in Fig. 7(a) for increasing W^ . It is worth noting in Fig. 7(b)
that the transverse curvature is always driven by the free edge
condition when the helix is in the straight conﬁguration (h = 0),
Fig. 7. (a) Evolution of the total elastic strain energy as a function of the angle of helix for increasing non-dimensional width. (b) Plot of Eq. (28) showing the transition
between edge effects (small k1 W/2 values) and zero Gaussian curvature effects (large k1 W/2 values) as a function of the angle of helix h and W^ . Both plots consider
helices made with a [452/0/452] CFRP lay-up and a = 2.
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the dimensions of the strips.
For comparison purposes, the simpliﬁed one-dimensional mod-
el from §3.4 and the earlier work by the authors are benchmarked
against the two-dimensional model in Fig. 8(a) and (b), respec-
tively. In both cases, the difference (in %) between the strain energy
evolutions is plotted in a polar plot. As expected, large differences
are observed in Fig. 8(a) for large W^ . Note, by satisfying the condi-
tions of the simpliﬁed model, one can identify the region of validity
for the one-dimensional model, as shown by the dashed circle at
W^ = 0.2. In the earlier model from the authors, zero transverse cur-
vature was assumed. This explains the large differences observed
in Fig. 8(b) and the reﬁnement shown by the present work.4.2. Anti-symmetric [222/0/222] lay-up
This particular anti-symmetric lay-up is chosen because the sub-
sequent strain energy evolution is approximately constant for small
W^ (circular contours in the central region of the polar plot in
Fig. 9(a)) while it presents large variations for wider ﬂanges (‘‘egg
shaped’’ contours close to the edge of the same polar plot). Thus while
helices with structurally narrow members present a nearly zero axial
stiffness, helices with wider members offer a stable state in the
straight and coiled conﬁgurations (2h = 0 and 2h = 180, respectively).
As for the previous case, this major change in stability response is re-
lated to the evolution of the term k1W/2; depicted in Fig. 9(b).
The validity of the one-dimensional, simpliﬁed, model is pre-
sented in Fig. 10(a). The design space satisfying the assumption
of negligible amount of membrane strain energy and constant
transverse curvature is plotted by the dashed circle at W^ = 0.24.
As in Figs. 8(b), 10(b) shows the difference in percent between
the initial work from the author, neglecting the transverse curva-
ture, and the two-dimensional model presented in this article.
Noting that the difference between the earlier work from the
authors and the simpliﬁed model described in §3.4 is the added
terms of transverse curvature (Eq. (11)), comparing Fig 10(a) to
Fig. 10(b) highlights the increase in accuracy of the simpliﬁed
model to the stability response of the structurally narrow helices.4.3. Simpliﬁed helix model
Noting the approximate constant strain energy evolution in
Fig. 9(a) for small W^ , the anti-symmetric lay-up [222/0/222] is
now further investigated by varying the laminate properties whilethe non-dimensional width is ﬁxed at W^ = 0.24. The one-dimen-
sional model is used here to derive a closed form solution relating
the stiffness properties of the CFRP members, the geometry of the
helix and the stability of the structure; a proposition not possible
to obtain with the two-dimensional model. The condition on the
maximum non-dimensional width found in the section §3.4 is gen-
eralised to any anti-symmetric [b2/0/b2] lay-up (where b is the
ply angle) by noting the small effect of the stiffness terms in the
expression of k1 W/2 compared to the effect of the width and
longitudinal curvature. From Eqs. (37) and (38) the stability of
the helix is fully captured by the term
k ¼ D66 
D11
4
þ D
2
12
4D22
ð39Þ
Eq. (39) highlights the relationship between stability response
of the helix and the laminate properties of its members in the spe-
cial case of ﬂanges made of an anti-symmetric lay-up and
W^ = 0.24. Contrary to the polar plots of the previous studies, here
the radial axis corresponds to the ply angle b; thus for a ﬁxed value
of b, the evolution of the strain energy is found by following a cir-
cumferential line of constant radius. As illustrated by Fig. 11(a),
there are three distinct stability characteristics depending on the
value of b; which translate into a condition on the term k (see
Fig. 11(b)):
i: k < 0 ð40aÞ
The twisted conﬁgurations are stable equilibria, as illustrated
by the vertical dotted lines A, B and E, F in Fig. 11(a).
ii: k > 0 ð40bÞ
The straight and the coiled conﬁgurations are stable equilibria,
as shown by the horizontal dotted lines C and D in Fig. 11(a).
iii: k ¼ 0 ð40cÞ
The evolution of the strain energy is constant over the entire
spectrum of angle of twist; as represented by the dotted circles
in Fig. 11(a). The particular case of the [222/0/222] lay-up inves-
tigated in section §3.4 is illustrated by the dotted circle at b = 22.
5. Finite element modelling
ABAQUS/CAE (ABAQUS, 2008) was used to model the helix.
The study was divided into two analyses to capture the pre-stress
of the ﬂanges and to model the twist of the structure. Owing to the
Fig. 8. Percentage difference between the strain energy evolutions given by: (a) The simpliﬁed one-dimensional model and the two-dimensional model. The dashed circle
shows the valid region for the one-dimensional model. (b) The earlier work from the authors, which did not consider transverse curvature, and the two-dimensional model.
Both plots consider helices made with a [452/0/452] CFRP lay-up and a = 2.
Fig. 9. (a) Evolution of the total elastic strain energy as a function of the angle of helix for increasing non-dimensional width. (b) Plot of Eq. (28) showing the transition
between edge effects (small k1 W/2 values) and zero Gaussian curvature effects (large k1 W/2 values) as a function of the angle of helix h and W^ . Both plots consider
helices made with a [222/0/222] CFRP lay-up and a = 2.
Fig. 10. Percentage difference between the strain energy evolutions given by: (a) The simpliﬁed one-dimensional model and the two-dimensional model. The dashed circle
shows the valid region for the one-dimensional model. (b) The earlier work from the authors, which did not consider transverse curvature, and the two-dimensional model.
Both plots consider helices made with a [222/0/222] CFRP lay-up and a = 2.
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Fig. 11. (a) Contour polar plot of Eq. (35) as a function of 2h and the ply angle b for a structure made of an anti-symmetric lay-up ½b2=0= b2, with a ratio a = 2, W^ = 0.24 and
b ranging from 0 to 180. The dotted lines denote stable equilibria. (b) Evolution of k as a function of the ply angle b. Here, b is limited between 0 and 90 due to the
symmetry of the plot about the vertical axis at b = 90.
Fig. 12. (a) Plots of the change of curvature Djx,Djxy, and (b) Djy from the analytical model and the FEM of the helix made with a [452/0/452] lay-up, a = 2 and W^ = 0.35 as a
function of the angle of helix h.
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interaction with the spokes was realised using the ‘‘connector’’ tool
from ABAQUS. Both analyses used a Newton–Raphson iterative
process where the velocity and acceleration terms were neglected
due to the lowmass of the ﬂange. The ﬂange was initially modelled
using four node shell elements (S4R) in a 4  90 elements struc-
tured mesh. The curvatures were studied with a more reﬁned
30  200 S4R elements structured mesh at a later stage. The ﬁrst
analysis modelled the ﬂattening operation of the ﬂange; the second
analysis modelled the assembly and analysed the twist deforma-
tion, starting from the last increment of the ﬁrst analysis. Non-lin-
ear geometric effects were taken into account for each step in both
analyses. In essence, the FEM is similar to the study in Ref. (Lach-
enal et al., 2012) and the reader is referred to this article for a more
detailed description of the analyses.6. Experimental results and discussion
The two-dimensional model was validated with the tensile test
of a helix made of a [452/0/452] lay-up, a = 2, L = 179 mm and
R = 28.5 mm. Due to the necessity to drill holes in the ﬂanges for
the attachment with the spokes, the ﬂanges were restricted towidths greater than 10 mm (W^ = 0.35). Hence, the simpliﬁed mod-
el could not be validated with the test of a demonstrator as the
maximum width satisfying the assumptions for negligible elastic
strain energy and constant transverse curvature was calculated
to be 6.84 mm (W^ = 0.24). Moreover, a representative prototype
of the zero torsional stiffness helix could not be manufactured
due to the use of the anti-symmetric lay-up. It is indeed well
known that twist develops upon cooling from the high tempera-
ture cure of such lay-up type. The particular case of the zero tor-
sional stiffness structure is therefore veriﬁed against FEM data
only. Note that the axial force is found by applying Castigliano’s
theorem to the structure, yielding the axial force
F ¼ @U
@D‘
ð41Þ
where D‘ is the variation in length of the helix, as illustrated in
Fig. 1(b).
6.1. Two-dimensional helix model validation
The analytical model for the changes of curvature was validated
against FEM data only due to the small size of the specimens, mak-
ing measurements on the demonstrator impracticable. The
Fig. 13. (a) Plot of the axial force for a helix made of a [452/0/452] lay-up, a = 2 and W^ = 0.35 as a function of the angle of helix h. Points A and C are unstable states whereas
points B and D are state equilibria. (b) Photograph of the helix tensile test at h  45.
Fig. 14. Axial force of a structure with a lay-up [222/0/222], a = 2 and W^ = 0.24 as
a function of the angle of helix h. Note the scale of the vertical axis.
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the ﬂange, away from the extremities of the part and of the spoke
interfaces to limit the inﬂuence of the boundary conditions on the
results. As illustrated by Fig. 12(a) and (b), there is overall close
agreement between the results given by the FEM and the analytical
model (Eq. (23)); although one notices a mismatch in the plot of
Djx, mainly for 45 < h < 90. This is explained by the evolution
of the x-axis bending moment mx, illustrated by the crosses in
Fig. 12(a). Here mx is a combination of the bending stiffness terms
weighted by the change of curvature terms; hence the non-period-
icity of the curve. The high value of mx shown between
45 < h < 90 results in a local increase of Djx. This was observed
between the spokes on both demonstrator and FEM in the coiled
conﬁguration (h = 90). It explains the mismatch between the
Djx curves as the analytical model assumes constant change of
x-axis curvature along the length of the strips.
A tensile test was carried out on the demonstrator to validate
the two-dimensional strain energy model Eq. (8) using Eq. (41).
For this, a ﬁxture was developed to allow the twisting end of the
helix to freely rotate about the X-axis; while the other end was
ﬁxed to the tensile test machine (Fig. 13(b)). Fig. 13(a) shows the
axial force as a function of the angle of helix for the two-dimen-
sional analytical model, the FEM data and the experimental results.Starting from the coiled conﬁguration (h = 90), the helix was
stretched until it approached the straight state (h  0). At this
point, the displacement of the test machine’s cross head was
paused to avoid failure of the CFRP members. The helix was then
manually twisted so as to present a negative angle of helix. This ex-
plains the sudden change of sign of the experimental curve in
Fig. 13(a) at h  0. From this point onward, the helix was com-
pressed to reach the second coiled conﬁguration (h = 90). Stable
states are noted B and D while unstable conﬁgurations are A and C
in Fig. 13(a). The ﬁgure also shows the results given by the earlier
model from the authors (Lachenal et al., 2012). As mentioned in the
introduction, the large differences between the experimental plots
and the analytical results given by the initial model triggered this
study. When accounting for the transverse curvature, close agree-
ment is observed between the two-dimensional model and the
FEM/test results. The smaller differences between the aforemen-
tioned set of curves are thought to be caused by the localised ef-
fects of the spokes connections. Indeed, local 90 UD
reinforcements were placed around the holes to limit ﬁbre delam-
ination in the demonstrator; thus locally constraining the trans-
verse curvature. This effect was not modelled in either the FEM
or the analytical model; hence the mismatch between the curves.6.2. Simpliﬁed helix model validation
The relatively small size of the CFRP strips required to achieve
the zero torsional stiffness helix prevented the manufacture of a
suitable demonstrator; thus the analytical prediction for the total
strain energy given by Eq. (35) is compared to the FEM data only.
Results in the format of a force/displacement test are shown in
Fig. 14. Good correlation is found between the two curves, validat-
ing the assumptions made for structurally narrow ﬂanges consti-
tuting this particular case of helix.7. Conclusion
A structure made of two pre-stressed ﬂanges joined by spokes
was investigated analytically using a two-dimensional model.
The varying transverse curvature of the ﬂanges and resulting mem-
brane strain energy was presented. The inﬂuences of the change of
curvature, the material stiffness and the width of the ﬂanges on the
transverse curvature were quantiﬁed. The position of the stable
and un-stable equilibria and the axial force–displacement charac-
teristics were derived from the expression of the elastic strain
2490 X. Lachenal et al. / International Journal of Solids and Structures 51 (2014) 2479–2490energy. To illustrate the utility of the model, stability characteris-
tics of two helices made with a symmetric [452/0/452] lay-up
and anti-symmetric [222/0/222] lay-up were presented. The ear-
lier, simpler, model neglecting transverse curvature from the
authors was also compared to the two-dimensional model and
highlighted the inﬂuence of the transverse curvature of the strips
on the stability landscape of the helices.
Furthermore, noting that a helix made of narrow ﬂanges with
an anti-symmetric lay-up had a particularly interesting energy
landscape, a simpliﬁed analytical model was proposed. It assumed
a negligible amount of membrane strain energy and a constant
transverse curvature up to a maximum ratio W^; yielding a constant
strain energy level throughout the helix transformation due to a
remarkable combination of ﬂange/structure geometry and ply an-
gle. Hence, a zero-stiffness structure about the axis of twist was
engineered.
The validation of the two-dimensional model was done two-
fold: the change of curvature was analysed ﬁrst and compared to
the data provided by the FEM; then the force/displacement prop-
erty of the helix was compared to the FEM and the results of a ten-
sile test on a [452/0/452] lay-up experimental demonstrator.
Correlation was found for both set of tests, validating the two-
dimensional model. Interestingly, even though the strips of CFRP
were relatively narrow compared to their length, their transverse
curvature was of the same order of magnitude as their x-axis and
xy-axis change of curvature. Furthermore, the inclusion of the
transverse curvature and associated membrane strains into the
analytical model revealed an un-symmetric strain energy land-
scape for the lay-up considered; whereas the previous one-dimen-
sional model from the authors predicted a symmetric evolution.
This effect translated into an equally un-symmetric force/displace-
ment characteristic of the helix.
The simpliﬁed model was only validated against FEM (and not
experimentally) due to the small size of the strips required to sat-
isfy the model’s assumptions. Agreement was found between the
axial force provided by both models, proving the validity of the
simpliﬁed model for narrow strips. Despite having restricted appli-
cability, the simpliﬁcation of the two-dimensional model provides
remarkable insight into the multistable phenomena of helices by
providing an explicit relationship between the bending stiffness
of the strips, the geometry of the structure and the stability re-
sponse of the helix.
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